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Q¸roi Banach

Oi q¸roi Banach ent�ssontai sthn kathgorÐa twn q¸rwn me
nìrma.

'Enac q¸roc me nìrma X eÐnai ènac dianusmatikìc q¸roc ston
opoÐo orÐzetai epiplèon mÐa apeikìnish ‖ · ‖ : X → R pou
onom�zetai nìrma kai ikanopoieÐ tic akìloujec idiìthtec:

‖x‖ = 0⇔ x = 0.
‖λx‖ = |λ|‖x‖, για κάθε λ ∈ R, x ∈ X.
‖x+ y‖ ≤ ‖x‖+ ‖y‖ για κάθε x, y ∈ X.

Oi ènnoiec tou upoq¸rou kai thc di�stashc se q¸rouc me
nìrma orÐzontai akrib¸c ìpwc stouc dianusmatikoÔc q¸rouc.
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Q¸roi Banach

Oi klassikoÐ q¸roi `p, gia 1 ≤ p <∞,

`p = {−→x = (xn)n∈N : xn ∈ R,
∞∑
n=1

|xn|p <∞},

eÐnai q¸roi Banach kai eidikìtera o `2 eÐnai q¸roc Hilbert.

Epiplèon eÐnai diaqwrÐsimoi (dhlad  perièqoun arijm simo kai
puknì uposÔnolo).
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Q¸roi Banach

An (X, ‖ · ‖X), (Y, ‖ · ‖Y ) q¸roi Banach, o q¸roc

L(X,Y ) = {T : X → Y grammikìc, fragmènoc}

eÐnai q¸roc Banach kai gia T ∈ L(X,Y )

‖T‖ = sup{T (x)‖Y : ‖x‖X ≤ 1}
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Q¸roi Banach

O q¸roc K(X,Y ) = {T : X → Y sumpag c} eÐnai q¸roc
Banach.

'Enac telest c T : X → Y lègetai sumpag c an to sÔnolo
T (BX) eÐnai sqetik� sumpagèc uposÔnolo tou Y , ìpou
BX = {x ∈ X : ‖x‖X ≤ 1}.

EÐnai gnwstì ìti o K(`p), gia 1 ≤ p <∞, eÐnai diaqwrÐsimoc
q¸roc Banach.
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Diaspasimìthta q¸rwn Banach

'Enac upìqwroc Y se èna q¸ro Banach X lègetai
sumplhrwmatikìc an up�rqei grammikìc, fragmènoc telest c
P : X → X ¸ste P 2 = P kai eikìna ImP = P [X] = Y . O
telest c P lègetai probol  epÐ tou Y .

An P : X → X probol  tìte X = P [X]⊕ (I − P )[X], ìpou
I : X → X o tautotikìc telest c.

K�je upìqwroc peperasmènhc di�stashc se q¸ro Banach
eÐnai sumplhrwmatikìc.
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Diaspasimìthta q¸rwn Banach

'Enac q¸roc Banach X lègetai adi�spastoc an de mporeÐ na
grafteÐ wc to eujÔ �jroisma X = Y ⊕ Z ìpou Y,Z
apeirodi�statoi upìqwroi tou X.

An X q¸roc Banach kai k�je telest c T ∈ L(X) eÐnai thc
morf c λI +K, opou λ ∈ R kai K ∈ K(X), tìte o X eÐnai
adi�spastoc.

Oi S.Argurìc kai R. Haydon to 2010 ([3]) kataskeÔasan
èna diaqwrÐsimo q¸ro Banach XAH me thn idiìthta ìti k�je
telest c T ∈ L(XAH) eÐnai thc morf c λI +K, opou λ ∈ R
kai K ∈ K(XAH).
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Kajolik� Adi�spastoi q¸roi Banach

Epiplèon, o XAH eÐnai kajolik� adi�spastoc dhlad  èqei thn
idiìthta tou ìti k�je apeirodi�statoc upìqwroc tou eÐnai
adi�spastoc.

O pr¸toc kajolik� adi�spastoc q¸roc Banach
kataskeu�sthke to 1992 apì touc W.T. Gowers, B.
Maurey([9]) kai ìla ta paradeÐgmata mèqri s mera eÐnai
kataskeuastik� ([2],[4]).

H mèjodoc pou qrhsimopoÐhsan basÐzetai se nèec teqnikèc
orismoÔ nìrmac.
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Kajolik� Adi�spastoi q¸roi Banach

An X adi�spastoc q¸roc Banach kai Y isìmorfoc me ton X
tìte o Y eÐnai adi�spastoc.

Lème ìti o Y eÐnai isìmorfoc me ton X, Y ' X, an up�rqei
T : X → Y grammikìc, fragmènoc, 1-1 kai epÐ telest c. An
epiplèon ‖T‖‖T−1‖ ≤ C, ìpou C > 0 stajer�, tìte lème ìti
o Y eÐnai C-isìmorfoc me ton X, X 'C Y .

EÐnai gnwstì ìti `p ' `p ⊕ `p kai den perièqei kajolik�
adi�spasto upìqwro.
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Eujèa ajroÐsmata q¸rwn Banach

To 2001 oi S. Argurìc, B. Felouz c ([1]) ìrisan

(

∞∑
n=1

⊕Xn)GM

gia akoloujÐa (Xn, ‖ · ‖n)n∈N diaqwrÐsimwn q¸rwn Banach
ìpou h exwterik  nìrma ‖ · ‖GM proèrqetai apì th mèjodo
kataskeu c twn Gowers, Maurey.
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Eujèa ajroÐsmata q¸rwn Banach

En suneqeÐa, to 2008 oi S. Argurìc kai J. Raikìftsalhc
([5]) melèthsan tic eidikèc peript¸seic

Xp = (

∞∑
n=1

⊕`p)GM , 1 ≤ p <∞.
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BD-L∞ Eujèa ajroÐsmata q¸rwn Banach

Parousi�zoume mÐa mèjodo dhmiourgÐac eujèwn ajroism�twn

(

∞∑
n=1

⊕Xn)AH

gia akoloujÐec (Xn, ‖ · ‖n)n∈N diaqwrÐsimwn q¸rwn Banach,
ìpou h exwterik  nìrma proèrqetai apì thn AH-mèjodo.
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BD-L∞ Eujèa ajroÐsmata q¸rwn Banach

H AH-mèjodoc apoteleÐ mÐa genikeumènh parallag  thc
mejìdou kataskeu c L∞ q¸rwn twn J. Bourgain- F.Delbaen
(1980,[6]).

Orismìc

'Enac q¸roc Banach X lègetai L∞ an up�rqei stajer� C > 0
mÐa aÔxousa akoloujÐa (Xn)n∈N peperasmènhc di�stashc
upoq¸rwn tou X, ¸ste h ènwsh ∪n∈NXn eÐnai pukn  ston X kai
Xn 'C `∞(dimXn) gia k�je n ∈ N .

Dèspoina ZhsimopoÔlou Bourgain-Delbaen L∞ sums of Banach spaces



BD-L∞ Eujèa ajroÐsmata q¸rwn Banach

H AH-mèjodoc apoteleÐ mÐa genikeumènh parallag  thc
mejìdou kataskeu c L∞ q¸rwn twn J. Bourgain- F.Delbaen
(1980,[6]).

Orismìc

'Enac q¸roc Banach X lègetai L∞ an up�rqei stajer� C > 0
mÐa aÔxousa akoloujÐa (Xn)n∈N peperasmènhc di�stashc
upoq¸rwn tou X, ¸ste h ènwsh ∪n∈NXn eÐnai pukn  ston X kai
Xn 'C `∞(dimXn) gia k�je n ∈ N .

Dèspoina ZhsimopoÔlou Bourgain-Delbaen L∞ sums of Banach spaces



AH-L∞ Eujèa ajroÐsmata q¸rwn Banach

OrÐzoume

(

∞∑
n=1

⊕Xn)BD

gia akoloujÐec (Xn, ‖ · ‖n)n∈N diaqwrÐsimwn q¸rwn Banach
me exwterik  nìrma pou proèrqetai apì th L∞ BD-mèjodo.

TropopoioÔme th mèjodo kataskeu c (
∑∞

n=1⊕Xn)BD me
b�sh th L∞ AH-mèjodo kataskeu�zoume (

∑∞
n=1⊕Xn)AH .

O (
∑∞

n=1⊕Xn)AH perièqei kajolik� adi�spastouc
upoq¸rouc.
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Oi q¸roi Zp, 1 ≤ p <∞

'Ara gia 1 ≤ p <∞, o Zp = (
∑∞

n=1⊕`p)AH de mporeÐ na
eÐnai isìmorfoc me ton `p.

Up�rqoun probolèc P[1,n] : Zp → Zp ¸ste ‖P[1,n]‖ ≤ 2,
P[1,n][Zp] ' `p gia k�je n ∈ N kai h ènwsh ∪∞n=1P[1,n][Zp]
eÐnai pukn  ston Zp.

An Zp = Y ⊕ Z, tìte eÐte Y ' `p kai Z ' Zp   antÐstrofa.

Epomènwc, P(n,∞)[Zp] ' Zp gia k�je n ∈ N, ìpou
P(n,∞) = I − P[1,n] kai I : Zp → Zp o tautotikìc telest c.
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P(n,∞) = I − P[1,n] kai I : Zp → Zp o tautotikìc telest c.
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Telestèc ston Zp

'Enac telest c T ∈ L(Zp) lègetai orizìntia sumpag c, an
gia k�je ε > 0 up�rqei n0 ∈ N ¸ste

‖K ◦ P(n0,∞)‖ < ε.

Prìtash

'Estw 1 ≤ p <∞ kai T ∈ L(Zp). Tìte up�rqei pragmatikìc

arijmìc λ ¸ste jètontac K = T − λI, o telest c K eÐnai

orizìntia sumpag c.
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Oi q¸roi Znp

Gia n ∈ N jètoume Zn
p = (Zp ⊕ . . .⊕Zp︸ ︷︷ ︸

n− forèc

)∞.

Je¸rhma

Gia k�je 1 ≤ p <∞ kai n ∈ N o q¸roc Zn
p èqei akrib¸c n+ 1

apeirodi�statouc, mh isìmorfouc an� dÔo, sumplhrwmatikoÔc

upoq¸rouc.

An�loga apotelèsmata eÐqan prokÔyei apì �llouc ereunhtèc
sto pareljìn ([7],[8],[10],[11]) me qr sh diaforetik¸n
mejìdwn.

Dèspoina ZhsimopoÔlou Bourgain-Delbaen L∞ sums of Banach spaces



Oi q¸roi Znp

Gia n ∈ N jètoume Zn
p = (Zp ⊕ . . .⊕Zp︸ ︷︷ ︸

n− forèc

)∞.

Je¸rhma

Gia k�je 1 ≤ p <∞ kai n ∈ N o q¸roc Zn
p èqei akrib¸c n+ 1

apeirodi�statouc, mh isìmorfouc an� dÔo, sumplhrwmatikoÔc

upoq¸rouc.

An�loga apotelèsmata eÐqan prokÔyei apì �llouc ereunhtèc
sto pareljìn ([7],[8],[10],[11]) me qr sh diaforetik¸n
mejìdwn.

Dèspoina ZhsimopoÔlou Bourgain-Delbaen L∞ sums of Banach spaces



Oi q¸roi Znp

Gia n ∈ N jètoume Zn
p = (Zp ⊕ . . .⊕Zp︸ ︷︷ ︸

n− forèc

)∞.

Je¸rhma

Gia k�je 1 ≤ p <∞ kai n ∈ N o q¸roc Zn
p èqei akrib¸c n+ 1

apeirodi�statouc, mh isìmorfouc an� dÔo, sumplhrwmatikoÔc

upoq¸rouc.

An�loga apotelèsmata eÐqan prokÔyei apì �llouc ereunhtèc
sto pareljìn ([7],[8],[10],[11]) me qr sh diaforetik¸n
mejìdwn.

Dèspoina ZhsimopoÔlou Bourgain-Delbaen L∞ sums of Banach spaces



SumplhrwmatikoÐ upìqwroi tou Znp

Gia n 6= m, o q¸roc Zn
p den eÐnai isìmorfoc me ton q¸ro

Zm
p . 'Ara, gia k�je n ∈ N, o Zn

p èqei toul�qiston n+ 1, mh
isìmorfouc an� dÔo, sumplhrwmatikoÔc upoq¸rouc.

Prìtash

'Estw n ∈ N kai Y ènac apeirodi�statoc sumplhrwmatikìc

upìqwroc tou Zn
p . Tìte eÐte Y ' `p   up�rqei L ⊂ {1, 2, . . . , n}

mh kenì ¸ste Y ' (
∑

i∈L⊕Zp)∞.
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SumplhrwmatikoÐ upìqwroi tou Znp

'Estw 1 ≤ p <∞ kai T ∈ L(Zn
p ).

An gia k�je i, Zp(i) eÐnai o q¸roc Zp sthn i-suntetagmènh
tou Zn

p , tìte

T = (Ti,j)1≤i,j≤n ìpou Ti,j ∈ L(Zp(j),Zp(i)) .

Ti,j = λi,jIi,j +Ki,j ìpou λi,j ∈ R, Ii,j : Zp(j)→ Zp(i) eÐnai
o tautotikìc telest c kai Ki,j : Zp(j)→ Zp(i) eÐnai
orizìntia sumpag c telest c.

An T probol , tìte Λ = (λi,j)1≤i,j≤n : Rn → Rn probol .

Dèspoina ZhsimopoÔlou Bourgain-Delbaen L∞ sums of Banach spaces



SumplhrwmatikoÐ upìqwroi tou Znp

'Estw 1 ≤ p <∞ kai T ∈ L(Zn
p ).

An gia k�je i, Zp(i) eÐnai o q¸roc Zp sthn i-suntetagmènh
tou Zn

p , tìte

T = (Ti,j)1≤i,j≤n ìpou Ti,j ∈ L(Zp(j),Zp(i)) .

Ti,j = λi,jIi,j +Ki,j ìpou λi,j ∈ R, Ii,j : Zp(j)→ Zp(i) eÐnai
o tautotikìc telest c kai Ki,j : Zp(j)→ Zp(i) eÐnai
orizìntia sumpag c telest c.

An T probol , tìte Λ = (λi,j)1≤i,j≤n : Rn → Rn probol .

Dèspoina ZhsimopoÔlou Bourgain-Delbaen L∞ sums of Banach spaces



SumplhrwmatikoÐ upìqwroi tou Znp

'Estw 1 ≤ p <∞ kai T ∈ L(Zn
p ).

An gia k�je i, Zp(i) eÐnai o q¸roc Zp sthn i-suntetagmènh
tou Zn

p , tìte

T = (Ti,j)1≤i,j≤n ìpou Ti,j ∈ L(Zp(j),Zp(i)) .

Ti,j = λi,jIi,j +Ki,j ìpou λi,j ∈ R, Ii,j : Zp(j)→ Zp(i) eÐnai
o tautotikìc telest c kai Ki,j : Zp(j)→ Zp(i) eÐnai
orizìntia sumpag c telest c.

An T probol , tìte Λ = (λi,j)1≤i,j≤n : Rn → Rn probol .

Dèspoina ZhsimopoÔlou Bourgain-Delbaen L∞ sums of Banach spaces



SumplhrwmatikoÐ upìqwroi tou Znp

'Estw 1 ≤ p <∞ kai T ∈ L(Zn
p ).

An gia k�je i, Zp(i) eÐnai o q¸roc Zp sthn i-suntetagmènh
tou Zn

p , tìte

T = (Ti,j)1≤i,j≤n ìpou Ti,j ∈ L(Zp(j),Zp(i)) .

Ti,j = λi,jIi,j +Ki,j ìpou λi,j ∈ R, Ii,j : Zp(j)→ Zp(i) eÐnai
o tautotikìc telest c kai Ki,j : Zp(j)→ Zp(i) eÐnai
orizìntia sumpag c telest c.

An T probol , tìte Λ = (λi,j)1≤i,j≤n : Rn → Rn probol .

Dèspoina ZhsimopoÔlou Bourgain-Delbaen L∞ sums of Banach spaces



SumplhrwmatikoÐ upìqwroi tou Znp

Epiplèon, up�rqei probol  T̃ ∈ L(Zn
p ) ¸ste ImT ' ImT̃

kai
T̃ = (λ̃i,jIi,j + K̃i,j)1≤i,j≤n

ètsi ¸ste λ̃i,j = 0 gia k�je i 6= j, λ̃i,i = 0   1,kai
K̃i,j : Zp(j)→ Zp(i) eÐnai orizìntia sumpag c telest c gia
k�je 1 ≤ i, j ≤ n.

Jètoume L = {i : λ̃i,i = 1} kai diakrÐnoume peript¸seic:

An L = ∅ tìte apodeiknÔetai ìti ImT ' `p.
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SumplhrwmatikoÐ upìqwroi tou Znp

An L 6= ∅, gia kat�llhla 0 < δ < 1 kai n0 ∈ N ¸ste
‖K̃ij ◦ P(n0,∞)‖ < δ apodeiknÔetai ìti

ImT̃ ' (
∑
i∈L
⊕P(n0,∞)[Zp])⊕W

ìpou W ' `p.

Epeid  (
∑

i∈L⊕`p) ' `p kai Zp ' P(n0,∞)[Zp]⊕ `p
sunep�getai ìti

ImT ' (
∑
i∈L
⊕Zp)∞
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AH-L∞ Eujèa ajroÐsmata q¸rwn Banach

H mèjodoc dhmiourgÐac eujèwn ajroism�twn (
∑∞

n=1⊕Xn)AH

èqei odhg sei se nèa apotelèsmata pou brÐskontai upo
proetoimasÐa.
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